A logarithmic 1-form on CP n can be written as
For general F i , λ i , the singularities of ω consist of a schematic union of the codimension 2 subvarieties F i = F j = 0 together with, possibly, finitely many isolated points. This is the case when all F i 's are smooth and in general position. In this situation, we give a formula which prescribes the number of isolated singularities.
introduction
The search for numerical invariants attached to algebraic foliations goes back to Poincaré [13] . He was interested in determining bounds for the degree of curves left invariant by a polynomial vector field on C 2 . Recent work treat the question by establishing relations for the number of singularities of the foliation and certain Chern numbers and then using positivity of certain bundles. For a survey of recent results, see [4] , [7] , [10] , [14] .
A foliation of dimension r on a smooth variety X of dimension n is a coherent subsheaf F of the tangent sheaf T X of generic rank r, locally split in codimension ≥ 2.
If r = n − 1 (codimension one foliations), the foliation corresponds to a global section of Ω Not much is known about the dimensions nor the number of irreducible components of F ol(CP n ; d) (but see [8] and [9] ). When ω can be written as
Define a rational map Ψ by
The closure of the image of Ψ is the set Log n ( 
The singular scheme of the foliation defined by
is the scheme of zeros of ω. This is the closed subscheme with ideal sheaf given by the image of the co-section ω 
On the other hand of course, a general ω is not integrable. Theorem. (Jouanolou [12] ) For integrable ω, the singular set must contain a codimension 2 component.
It is easy to see that, for logarithmic (hence integrable) forms
the singular set contains the union of all codimension 2 subsets
It is worth mentioning that Jouanolou describes examples of integrable 1-forms with singular schemes containing positive dimensional components of "wrong" positive dimension. We found no hint as to the existence of isolated singularities for general enough foliations.
Let D i be the divisor associated to F i . We assume the following genericity conditions to hold:
the D i 's, i = 0, . . . , m, are smooth and in general position.
Remark that (1) defines a Zariski open subset of
Before stating our main result recall that the complete symmetric function σ , of degree in the variables X 1 , . . . , X k is defined by: σ 0 = 1 and, for ≥ 1,
We then have Theorem. Let F be a logarithmic foliation on CP
and satisfying (1) . Then the singular scheme S(F) of F can be written as a disjoint union
and R is finite, consisting of
points counted with natural multiplicities. Moreover,
It will be shown below, see formula (8) 
) from which we deduce:
and we have items (1) and (2) of theorem:
m is a polynomial of degree n − m < n and hence the coefficient of h n vanishes, so that there are no isolated zeros.
(2) n < m. In this case
(
Proof of the theorem

We will show that, if a point is non isolated in S(F), then it lies in
By ampleness and general position, we may pick a point p ∈ C lying in the intersection of precisely k of the divisors
Renumbering the indices we may assume
we may assumeg vanishes nowhere around p and write as
is a holomorphic closed form near p. Since η is closed, by the formal Poincaré lemma it is exact near p,
is a unit, we have that also z 0 , . . . , z k−1 are part of a regular system of parameters at p. Now ϑ can be written as
Thus F is defined around p by the 1-form (2) shows that the foliation is defined near p by dz 0 and then is non-singular at p. Hence we necessarily have k ≥ 2. Note that the ideal of the scheme of zeros of ϑ (as well as of ω) near p is generated by the k
2 The formula for the finite part is proved in the next section in a slightly more general context.
2.1.
Remark. The argument above shows that the codimension two part, Z = D ij , of the singular scheme of a general logarithmic foliation is equal to the singular scheme of the normal crossing divisor D i . This will enable us to use Aluffi's formula for the Segre class. We also note that, since D ij is smooth and connected, the component C is actually equal to some D ij .
formulas
Let E → X be a holomorphic vector bundle of rank n over a complex projective smooth variety of dimension n. Let s : X → E be a section. Assume (1) the scheme of zeros W of s is a disjoint union 
We are mainly interested in the case where X = CP n and the section s is a logarithmic form as in the Theorem in p. 3.
We give an expression for the number of points in R, counted with natural multiplicities, in terms of the intersection numbers
is a disjoint union, the formula is but a simple direct application of usual excess intersection techniques as reviewed below.
Disjointness implies that Z is a local complete intersection with explicitly known normal bundle.
The ideal of W is the image I(W ) of the co-section 
It can be written as I(W ) = I(Z) · I(R).
Dualizing, we find a section s of
whose scheme of zeros is precisely R R, the finite part. Indeed, since R is disjoint from the blowup center, π : X → X is an isomorphism in a neighborhood of R . Hence, the length of O X /I(R ) is the same as for R. This implies the formula for the degree of the zero cycle,
To compute it explicitly, recall that the exceptional divisor E is the projective bundle P N Z/X of the normal bundle of Z in X. 
Recall that the push-forward of powers of the hyperplane class ξ of the CP 
We may write
Since s j = 0 for j < 0, we also have
It follows from (4) and (3) that
The idea now is to reduce the general case to the above situation. This will be done by a sequence of blowups along smooth centers with known normal bundles.
We explain how the reduction works, say in the case when all 4-fold intersections are empty, for the sake of simplicity. The general case is entirely similar. Thus assume 
The blowup center, T , is locally given by z 1 , z 2 , z 3 . The restriction of X over the present affine neighborhood of the point 0 is covered by three affine open subsets, one for each choice of z i as a generator of the exceptional ideal O(−E ).
Say we take z 1 as a local generator. We may write z i = z 1 z i , i = 1, 2. Here z i is a local equation of the strict transform of D i .
The pullback of W is given by the ideal 3 . This is twice the exceptional ideal, times the ideal of the strict transform of D 23 . Note that the strict transforms of D 13 and of D 12 are empty in the present neighborhood of X . Thus the D ij are presently disjoint.
The local expression shows that the image I(W )O X of the co-section π s Hence, we may apply the previous case to the section In general, let r be the smallest integer such that for all possible choices of indices 
is endowed with a section s r whose scheme of zeros is exactly
Thus, we get the formula
The right hand side may clearly be written in terms of the intersection numbers D J · c j (E).
Examples
Set for short
denote the sum of all monomials of degree i in the classes of the D i .
4.1. m = 1. We find
These first few cases suggest the formula for general n, still with m = 1,
which will be generalized in the sequel. 
The right hand side uses Aluffi's · ⊗ L operation on the Chow group introduced in [1] : if a i is a class of codimension i in the Chow group, and L is a line bundle, then
We have
The operation ·⊗L behaves well with respect to Chern classes of 'rank 0 bundles'(!). That is: if E, F are bundles of the same rank, then
We have to pretend that the fraction in (6) is the quotient of the Chern classes of two bundles of the same rank, so regard the second piece as 
We apply Fulton's RIF, in his notation, to the regular embedding i : X → Y with X as above, and i equal to the zero section of Y := E; we take for f : V = X → Y = E the given section s as in the beginning of §3. Now we have, in one hand, X · V = c n (E) by [11, Ex. 3.3 .2, p. 67 or 6.3.4, p. 105]. Presently, the residual intersection class R is equal to the class of the finite part R since the latter is disjoint from Z. Hence we may write
where [·] n denotes the n−codimensional part of a cycle. We get,
Hence ( 
⊗ O(D) .
Thus, in degree n we find 
